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Abstract

The incommensurate displacive structure of 8-ThBr,
at 55 K has been determined from a neutron diffrac-
tion data set including main reflections and first-
order satellites. The superspace group is P™*y/9md.
Final agreement factors are 0.0193, 0.0186 and 0.045
for all, main and satellite reflections, respectively. It
is shown that the effect of phasons on the atomic
Debye—Waller factors can be quantified by two addi-
tional structural parameters: the modulus B}, and
the phase x¥/, of a second harmonic that spatially
modulates the temperature factors of Br atoms.
Results are in good agreement, within the resolution
of the experimental data, with the theoretically
expected value for x5 ,. Crystal data for the average
structure: M, = 551.65, tetragonal, I4,/amd, a=
8.919(1), ¢=7.902(1)A, V=628.6(2) A% Z=4,

* Preliminary results of this work were presented at the Inter-
national Workshop on Methods of Structural Analysis of

Modulated Structures and Quasicrystals, Lekeitio, Spain, May
1991.

0108-7681/93/020244-11$06.00

D,=582Mgm™3,
0.32¢*,

A=084 A, wavevector q=

1. Introduction

The experimental detection of phase-fluctuation
effects on the temperature factors of incommensurate
(IC) structures is still unresolved in structural deter-
mination. Indeed, the quantitative evaluation of
these effects has been a subject of controversy in
some descriptions of IC structures. The theoretical
formulation of the influence of these low-frequency
excitations on the Debye—Waller factors has followed
a path of increasing complexity from the simplest
Overhauser (1971) approach to its final recently
established general form (Currat & Janssen, 1987;
Garcia, Pérez-Mato & Madariaga, 1989; Pérez-Mato
& Madariaga, 1990; Pérez-Mato, Madariaga &
Elcoro, 1991).

Overhauser’s fomulation of the phason Debye—
Waller factor (PDWF) introduces a surprising over-
all factor, exp(—3%8¢?)), dependent on the mean-

© 1993 International Union of Crystallography
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squared phase fluctuations (8¢?) and the order of
satellites, n, though independent of the atom type,
the Bragg angle and, even, of the static modulation
regime. These unusual features are also present in the
(commonly accepted) Axe (1980) version of the
PDWF, exp[—in(n—1)8¢?], although in this
formulation first-order satellites are unaffected by
the PDWF. However, within Axe’s approach the
possibility of modulated temperature factors also
appeared. This fact was also pointed out by
Yamamoto (1982) and Paciorek & Kucharczyk
(1985), in later work.

Experimental studies based on the temperature
dependence of satellite intensities (Chapman &
Colella, 1984, 1985; Ehses, 1985; Colella, 1989) as
well as on IC structure refinements (Steurer &
Adlhart, 1983), tried to elucidate the correctness of
the above-mentioned PDWF formulae. In all cases
the results were ambiguous or unconvincing. This
fact can be easily understood if it is kept in mind that
these PDWFs act as additional scale factors for the
satellites and hence are highly correlated with other
parameters and may absorb experimental systematic
errors and/or the structural evolution of the static
distortion. In this way it is worth noting that in the
first attempt to confirm the Overhauser PDWF
formula (Chapman & Colella, 1984; Colella, 1989),
the authors insisted on the use of absolute intensities
as an essential condition for PDWF detection but
they overlooked the temperature dependence of the
static structure.

The general form of the Debye-Waller factors
(DWFs) in an IC structure has been fomulated
within a rigorous context (Garcia, Pérez-Mato &
Madariaga, 1989). The resulting expressions imply
that atomic DWFs are atomic and modulated, as
usually happens with other atomic parameters in IC
phases, and they cannot be reduced in general to an
overall factor. Indeed, these results corroborate the
intuitive expressions of modulated atomic DWFs
previously formulated as a consequence of the con-
tinuous variation of each atomic site neighbourhood
in an IC structure. Therefore the atomic and
modulated DWF should be strongly dependent on
the structural regime of the static modulation.

As a particular case and with use of the Landau
model to describe the basic IC phase transition, the
influence of the amplitude and phase modes on the
atomic DWF of an IC phase in a sinusoidal regime
can be explicitly accounted for. Such modes provoke,
on the one hand, the appearance of an important
contribution to some (or all) of the normal homo-
geneous atomic DWFs. On the other hand, the
atomic DWFs become spatially modulated by a
second harmonic. The moduli and phases of both
(zeroth- and second-order) harmonics are completely
determined, for each atom, by those of the primary
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static distortion and the mean square of the ampli-
tude and phase fluctuations.

The first attempt to confirm these predictions
experimentally was made with a conventional X-ray
data set used for the determination of the IC struc-
ture of thiourea (Madariaga et al., 1990). Only a
partial agreement with the above predictions was
achieved. In the case of thiourea the main problems
arise from the weakness of the searched-for effect on
the diffraction pattern (probably, a more accurate
and careful data collection would be necessary)
together with the relatively large number of corre-
lated parameters to refine and the significant
anharmonicity of the atomic displacement functions.
A sinusoidal IC structure described with a few
parameters and suspected to be affected by phase
fluctuations seems more adequate for a search of
phason effects in DWFs. B-ThBr, possesses these
characteristics. The high site symmetry of Th and Br
atoms and the direction of the modulation wave-
vector simplifies its structural distortion. On the
other hand, phase and amplitude branches have been
clearly observed by inelastic neutron scattering
(Bernard et al., 1983; Currat, Bernard & Delamoye,
1986).

At 95 K, ThBr, undergoes a phase transition from
a tetragonal phase (space group 74,/amd, Z = 4) to a
one-dimensional displacive IC structure. Below this
temperature, neutron diffraction measurements
(Bernard et al., 1983; Currat, Bernard & Delamoye,
1986) show the presence of weak first-order satellites,
which indicates a structural distortion with wave-
vector q = 0.32¢*. No lock-in transition has been
detected within the temperature range 95 to 1.5 K.
Weak second-order satellites seemed to be observed
at very low temperatures (Currat, Bernard &
Delamoye, 1986) but they could not be accurately
measured. This fact, together with the observed tem-
perature independence of the wavevector (Currat,
Bernard & Delamoye, 1986), implies that the static
distortion remains almost sinusoidal even at tem-
peratures far below 95 K.

The aim of this work is to present the incommen-
surately modulated structure of ThBr, and, as a
result, the first experimental evidence of what is
expected to occur when the most characteristic IC
excitations, phasons and amplitudons, are considered
in a structural refinement. Special attention was paid
to any source of possible errors that may have
masked these subtle contributions.

2. Experimental

Neutron diffraction data of ThBr, were supplied by
J. Pannetier and R. Currat at ILL (Grenoble). The
data set consisted of reflections collected at 100 K
(basic structure) and at 55 K (IC phase). Raw inten-
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Table 1. Crystal data and some data-collection param-
eters of ThBry at 100 and 55K

Temperature (K) 55 100
AA) 0.84 0.84
Cell parameters (A) a=8919 (1) a=18.921(1)
¢=17.902 (1) c=17912(2)

(SIN6/A)max (A1) (HKIO) 0.8394 0.5968
(SINO/A)ax (A7) (kL £ 1) 0.416
Maximum hk/0 14,10,13 10.7.9
Measured reflections

Total 1323 331

Main 991

Satellite (first-order) 332
Independent reflections

Main (observed 7>30) 434 (389) 162

Rin 0.021 0.018
Observed satellites 54

Rine 0.039

sities measured at 100 K as well as those correspond-
ing to main reflections belonging to the IC phase
were previously averaged by the authors of the data
collection, under the Laue group 4/mmm. In both
cases reflections expected to be systematic absences
of the space group I4,/amd were not measured. The
whole set of incommensurate satellites (including
symmetry equivalents) collected at 55 K was avail-
able as a list of |F.u and o(|F.y,|) calculated from
counting statistics. Their intensities (|F,ps|°) were
averaged under the point group 4/mmm, showing an
excellent internal R factor. Reflections of the struc-
ture at 100 K and main reflections of the IC phase
were corrected for Lorentz factor but not for absorp-
tion. Those ‘main’ reflections, of both basic and IC
structures, with 7 < 30(I) and satellites with |F | <
60(|Fops|) were flagged as unobserved. Because of
their dubious quality, observed during the averaging,
five additional first-order satellites (5301, 6311, 6221,
2131 and 4331) were also excluded from the reflec-
tion list. Table 1 summarizes relevant information
concerning the experimental conditions and the qual-
ity of collected data.

3. Refinement of the basic and average structures

The basic structure at 100 K and the average struc-
ture (with the use of only the main reflections of the
IC data set) at 55 K, have been determined* for a
better comparison with previously published results.
Both structures are tetragonal and isostructural.
Their space group is /4,/amd with Z=4. In both
structures there are only two independent atoms (one
Br and one Th) occupying special positions. The site
symmetries are 42m and m for Th and Br atoms,
respectively. Full-matrix least-squares refinements

* Lists of structure factors of the basic, average and IC struc-
tures have been deposited with the British Library Document
Supply Centre as Supplementary Publication No. SUP 55720 (12
pp.). Copies may be obtained through The Technical Editor,
International Union of Crystallography, 5 Abbey Square, Chester
CH1 2HU, England.
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Table 2. Comparative results (see text) for the
commensurate structure at 100 K and the average
structure at 55 K of ThBr,

Thermal parameters, in B form, are multiplied by 10°. The only
extradiagonal element allowed by symmetry, B%;, having value
almost zero, has been omitted for simplicity. Estimated standard
deviations are given in parentheses. Extrapolated results are from
the data of Currat er al. (1986).

Xo Yo 2o B B2 B
Commensurate structure at 100 K
Th
XRAY system 0 i i 52(5) 52(5) S7(9)
SHELXT6 0 H § 42(7) 42(7) 66(13)
Extrapolated 42 42 117
Br
XRAY system 0 0.56411 (6) 0.79788 (7) 553 (7) 107 (7) 139 (9)
SHELXT6 0 0.5641 (1) 0.7979 (1) 541 (7) 92 (7) 151 (13)
Extrapolated 598 84 132
Average structure
Th
XRAY system 0 3 i 24 (2) 24(2) 66(3)
SHELX16 0 H § 2Q) 22Q) 003)
MSR 0 i i 25(2) 25(2) 70(3)
Extrapolated 10 10 66
Br
XRAY system 0 0.56425 (3) 0.79771 (4) 665 (5) 69 (2) 114 (3)
SHELXT6 0 0.5643 (0) 0.7977 (0) 667 (5) 65(2) 114 (3)
MSR 0 0.56425(4) 0.79771 (4) 667 (5) 72(2) 117 (3)
Extrapolated 722 57 66

Table 3. Agreement factors corresponding to the dif-
ferent refinements of the commensurate at 100 K and
the average structure at 55 K of ThBr,

In all cases the number of refined parameters was 10. Ny is the
number of contributing reflections (note that this number is
selected by each program following, in general, different criteria).
S is the goodness of fit and 4/¢ the maximum shift/e.s.d. after the
last cycle of refinement.

Nobs w
Commensurate structure at 100 K

R(%)wR (%) S 4o

XRAY system 162 o XF) 1.7 1.4 2.36 0.05
SHELX76 154 [o¥(F)+0.000249F%"' 1.6 1.6 1.05 0.5
Average structure

XRAY system 430 o ¥F) 2.4 1.7 2.83 0.08
SHELXT6 410 [o*(F)+0.000048F% ' 2.3 20 2.07 03
MSR 389 o XF) 2.0 1.7 2.95 0.007

were carried out. During the last cycles of refinement
one extra parameter accounting for an empirical
extinction correction was included. Because of the
strong correlation between the extinction parameter
and the elements of the atomic thermal tensors,
several programs [XRAY72 (Stewart, Kruger,
Ammon, Dickinson & Hall, 1972), SHELX76 (Shel-
drick, 1976) and M SR (Paciorek & Uszynski, 1987)],
and also therefore different extinction-correction for-
mulae, were tried. Final results and agreement fac-
tors are listed in Tables 2 and 3, respectively. Notice
that the refined parameters agree within the standard
deviations and, therefore, should be considered as
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significant. In Table 2 the approximate values
extracted from Fig. 5 of Currat, Bernard &
Delamoye (1986) are also included for comparison.

It can be seen from Table 2 that the elements BT},
B3Y and B of the atomic thermal tensors show an
almost linear behaviour with the temperature when
passing from the parent to the average structure.
However, the rest of the diagonal elements of Th and
Br atoms suffer a slighter decrease (for 87¥ and 859
or, for BY a noticeable increase. This latter effect
was expected to occur in the average structure as its
determination with the use of standard structure-
factor formulae implies that the effect of the static
modulation is mimicked by a spurious contribution
of the static modulation to the atomic DWFs. Thus,
thermal tensor elements of an average structure
determined as above cannot, in general, be taken as
‘thermal’. In the present case, the values indicate that
the direction along which the main static dis-
placement occurs is a, while the abnormally high
elements, B71F and B%, indicate a small but incipient
additional modulated displacement of both Th and
Br atoms along the c¢ axis.

Each Th atom is surrounded by eight Br atoms
arranged at the apices of two distorted tetrahedra
(see Fig. 1) having the symmetry of the Th site.
These tetrahedra constitute the first and second
coordination shells of the Th** ions. The radii of
these two shells at 100 K (55K) are 2.8678 (6) A
[2.8686 (4) A] and 3.0738 (6) A [3.0714 (4) A],
respectively. A librational analysis of the thermal
motion of Br atoms in terms of T, L and S tensors
(Schomaker & Trueblood, 1968) using the obtained
thermal tensors shows that each tetrahedron
behaves, on the average, as a rigid body rotating
around the ¢ axis.

This qualitative result is valid in both basic and
average structures, the only important difference
being the mean-squared amplitudes of such rigid

\

N/
Fig. 1. SCHAKALS8 (Keller, 1988) plot of the two first tetra-
hedral coordination shells of the Th** ion.
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/amd

Table 4. Elements of the superspace group P44

Origin at 2/m. Along the internal space origin at /. The wavevector

is q* = ac*.
Lattice generators
{EI100 0} {EI010 0} {E1001 - a} {El}} - ja}
Rotational elements
{E1000 0} {Catitd —da+1) {Caliid —la+1} {Cni0)00}
{C5,1000 3} {C,,1030 1} {Coldzs — ie} {Coidls —ia}
{11000 0} {Salidi —de+1}  {Silii —ie+l} {000}
{1000 3} {1030 3} {owliii —ia} {osliii —ia)

rotations, which are greater in the average structure.
Indeed, owing to the soft-mode character of the
phase transition relating the basic and the IC struc-
tures, what we are detecting in the case of the basic
structure at 100 K is the strong contribution of the
soft mode to the atomic Debye-Waller factors near
the phase-transition temperature. Therefore, the con-
tribution of the same mode, already frozen and with
a higher amplitude, should dominate in the atomic
temperature factors of the average structure at 55 K.
This qualitative description of the soft-mode dis-
placements agrees, at least in a broad sense, with the
results obtained by Bernard er al. (1983) from the
experimental knowledge of the soft-mode irreducible
representation.

4. Superspace symmetry of the incommensurate
structure

If it is assumed that 74,/amd is the space group of the
average structure, only two different superspace
groups, P™/9"%4 and P™/9m¢ (de Wolff, Janssen &
Janner, 1981), can be assigned to the IC structure of
ThBr,. The former implies the extinction rules: (a)
hklm, h+k+1=2n+1; (b) 00im, I[+2m=4n+1; (¢)
hk00, h (k)=2n+1; (d) h0lm, m=2n+1; (e) Okim,
m=2n+1; (f) hhim, 2h+1=4n+1.

From a practical point of view, the two superspace
groups should be distinguished from rules (d) and
(e), which are due to the superspace glide plane (7).
It is known from previous work (Bernard er al.,
1983) that no reflections of types 40/1 and 0k/l were
observed in neutron Weissenberg photographs at
10 K. Nevertheless, the systematic absences (d) and
(e) are only approximately satisfied in our data set.
Before the averaging, 11 satellites (of a total of 45)
belonging to the reciprocal planes (h0/) and (0k)),
weakly violated [/ = 3o(1)] these rules. However, the
superspace group P™/¢" can be disregarded
because the superspace plane (7") would restrict the
static displacements of Br atoms lying on it to occur
along the Th—Br bond and the ¢ axis, in clear
disagreement with what should be expected from the
behaviour of the atomic thermal parameters in the
average structure. Therefore, the exceptions found
for the selection rules corresponding to the symmetry
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element (7) should be associated with other causes
such as, for example, double diffraction (Bernard et
al., 1983). On the other hand, the superspace group
P#/amd would be the same as that proposed by
Kocinsky (1990) and Janner (1992). The representa-
tive elements of this group are given in Table 4.

5. Refinement of the incommensurate structure
5.1. Structural parameters

As has been mentioned, the weakness of the
second-order satellites and the temperature inde-
pendence of the modulation wavevector suggest that
the IC static distortion of ThBr, is almost sinusoidal.
In this simple case the atomic modulation functions
(AMFs) describing the IC displacement field of the
atom u can be expressed as

u(v)=UtcosQRmv+yt) (=x,y2), (5.1)

where v is a continuous parameter in the range [0,1]
and U4 and % are the modulus and phase of the
first-harmonic complex amplitude. These latter
parameters are in general considered adjustable
parameters in a structure refinement.

On the other hand, it can be shown (Pérez-Mato &
Madariaga, 1990; Pérez-Mato, Madariaga & Elcoro,
1991) that the effect of amplitudons and phasons can
be taken into account by means of the following
AMFs for the anisotropic thermal parameters*

B4(v) = Blo+ Bhacos(@my+ xfio), (5.2
where

Bho =BhntBicos(Pt—yt),  (5.3)

Bho = mULUL{(8¢") (80}, (5.4)

B = mrULUA{(8¢%) +(0p7)}, (5.5)

X2 SYh YL+, (5.6)

B4, being an homogeneous temperature factor
caused by the rest of the vibrational modes. In (5.4),
(5.5) and (5.6) the modulus, p, of the order param-
eter has been normalized to be unity at 55 K and U¥
is to be introduced in relative units. Notice that (8¢?)
and (8p?) are the only unknown additional param-
eters to be fitted in a structural model that includes
the effect of phasons and amplitude modes on the
atomic DWF. Nevertheless, the natural (although
highly correlated) parameters to refine should be
B%o, B42 and x%,. An important point is that,
according to (5.6), the phase, x%,, of the modulation
of the thermal tensor is determined by the phases of
the atomic static modulation. Hence, the theory can

*The B form for the anisotropic thermal tensors has been
chosen because it is commonly used in the refinement programs
for modulated structures and, therefore, favours a direct compari-
son with the results obtained.
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be directly checked by a comparison of the refined
values of ¢, and x4 ..

5.2. Symmetry restrictions of the structural
paramelters

Because of the high symmetry (at least for Th
atoms) of the atomic sites occupied by the indepen-
dent atoms, the corresponding AMFs are strongly
restricted and therefore, the number of adjustable
parameters is very limited. Thus, the invariance of
the AMFs [(5.1)] under the superspace transforma-
tions of each atomic site implies for the positional
parameters:

(n odd)
Urh=o0, i=x,y, z,
UBr=0, ¢B =arb., UP=0, i=y, z
(n even)
Ulh=0, ¢in==*m/2, Uhr=0, i=x,y,
UB =0, UPr=0, Br=arb., i=y,z;
and for the thermal parameters:
(n odd)
Amplitudes Phases
0 ﬁ 12,n 0 - Os T -
Th Bun. 0 0 0,7 - -
0 0 0 - - -
0 Bizn Bizn - X1i2zn X13an
Br Bion 0 0 X12.n - -
Bisn 0 0 X3 - -
(n even)
Amplitudes Phases
Bun 0 0 X1n - -
Th 0 Biin 0 - ~Xun ~
0 0 ﬁn.n - - 0,7
Biin 0 0 Xiln - -
Br 0 Bam B - X221 X230
0 Bzn  Bin - X23n X33n

A dash (-) means that the phase corresponding to a
null amplitude is undefined. x%, is, by extension of
the notation in (5.2), the phase of a term gi,
cos(2mwnv+ x%,) in the AMF of the thermal param-
eter B4%. Note that when n=0, xI'o= —x33=0
and the normal space-symmetry restrictions for this
site symmetry are recovered. It is also worth noting
that superspace symmetry forbids all odd harmonics,
particularly the first one, of the most relevant
elements of the atomic thermal tensors. Moreover,
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the first harmonic of the static structural modulation
is symmetry restricted to displacements of the Br
atoms along the a direction. Therefore, according to
(5.2)+5.6), it should be expected that in a pure
sinusoidal regime only the modulation of 8% is non-
zero, given by a second harmonic of the form (5.2).
In a more general regime, we can still expect the
modulation of B% to be predominant, while the
symmetry-allowed modulation of other thermal-
tensor components should be a weaker second-order
effect. Consequently, in the refinement we have only
introduced BP, and x}i, as non-zero adjustable
parameters, to account for modulation effects on the
thermal factor, while the rest of the thermal-tensor
components of both atoms have been taken as
homogeneous.

6. Results and discussion

The refinement was carried out with the program
MSR (Paciorek & Uszynski, 1987). Statistical
weights [0~ 2(F,)] were used first. During the whole
process a small damping factor was used to avoid
divergence due to the correlation between thermal
and positional parameters. In addition, an extinction
parameter and an overall scale factor were also
refined. The final parameters describing the static
atomic displacement fields are in accordance with the
estimates of Currat, Bernard & Delamoye (1986).
The results obtained indicate that the refined value of
X2 (Y% /27 =0.8) verifies almost exactly the theo-
retical prediction given in (5.6) (YT .27 =242 + 7
=0.884) if, as is normally expected, the effect of
phase fluctuations overcomes that due to amplitude
modes. Nevertheless, both additional parameters,
X5, and BY7,, appear to be affected by very high
standard deviations. The reason can be easily under-
stood if the structure factor corresponding to the IC
structure is written explicitly,
FH) = X f*(H)g*(H)expli2m(Hrt)]

n=1

x exp(— HBEH), 6.1)
where H = (h), h,, ha, hy) = hja* + hb* + hic* + hyq,
w runs over all the atoms, located at rf, within the
average unit cell, and H means the transposed vector
of H. Within the refined model B4 = B%, except for

Bro. The atomic modulation factors g*(H) would
include the effect of the AMFs U(v) and B(v) given

by (5.1), (5.2) and (5.4),
g“(H) = [dvexp{i2n[H-w*(v) + hyv]}
0

3
xexp[ — 2 hiBlshcos@mv+ xi)).  (6.2)

j=1
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In this simple case where the positions of Th
atoms are unmodulated and the AMF of Br atoms
affects only one direction,* we have

lf h4 = 0,

if hy=0, (6.3)

g™ (H) = { .

1
g“(H) = g% (H) = [ dvexp{i2m[huB'(v) + hyv]}
0

xexp[ ~ iBi cos(dmv+xPio)]  (6.4)

With substitution in (6.4) of #5'(v) and B¥(v) as
given by (5.1) and (5.2) and use of the Auger-Jacobi
expansions in terms of Bessel functions,

exp(ixcose) = i Jx)explim(o + 7/2)], (6.5)

m= —

exp(xcosg)= > L (x)exp(imy), (6.6)

m= —co

g>(H) can be expressed, with only the most
important terms of the above relationships retained,
as

gg' "(H) = gg,;in(H){IO(h%BIBlr 2
+ 2[J,27h, Ug,rl )Il(h%ﬂ?lr,z)/Jo(ZWhl U?,rl )]

X cosQy3y — X112} (6.7)
for main reflections,
g‘i’.(“) == gB:rI,sin(H){IO(h%ﬂlBlr,Z - Il(h%BIl;lr‘Z
X exp[ £ 23 — xT )]} (6.8)

for first-order satellites and
g3,(H) = g% sn(H{Lo(Hi BT 2
+ [JoRmh U)W BV 2)/ Jo(2arh, US)]
X exp[ +i2¢3 — x )T} (6.9)

for second-order satellites. gi’hbsin is the normal
atomic modulation factor of Br in the sinusoidal

regime when 87 ,=0,

& hosin =J 5 n 2 U expl F ihy(W20 + m/2)].
(6.10)
Notice that whereas the phase ¢&, of the dis-

placement field is only determined by satellites, 8%,

and x%/, appear in the expressions of the structure
factor for every reflection. As a general result, the
reflections most affected by the thermal-tensor
modulation and, hence, optimal to determine accur-
ately BT, and xP,, are those second-order satellites
having a medium-low A4, index, i.e. those which

* We will only write explicitly the atomic modulation factors of
the independent atoms.
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should be, in general, more easily measured. Our
data set lacks second-order satellites; therefore,
according to (6.7) and (6.8), first-order satellites will
dominate in the determination of yPf, at low Bragg
angles. However, the ratio J(2)/Jo(z) reaches values
greater than unity at higher angles and, as a conse-
quence, the influence of first-order satellites in
determining xPf, will be overcome by that of main
reflections. Anyway, it is worth noting that using
only main reflections and first-order satellites [see
(6.7) and (6.8)], the influence of phasons and ampli-
tudons appears as a second-order correction. Thus,
in the absence of second-order satellites, 8%, and
X2, can be only poorly determined.

To check that the least-squares minimum at x5,
=0.8 (hereafter we will denote by P/, its
normalized value x P} ,/27) was significant, a series of
refinements were performed with x}, fixed at arbi-
trary values and the rest of the parameters varied.
Indeed, for xP], ranging between 0.2 and 0.6, it was
also necessary to restrict the value of Bf, for the
refinement to converge. This indicated, in agreement
with the standard deviation of xTf,, that the true
minimum for %, lay in the interval (0.5, 1.2)
(modulo 1). Nevertheless, for the sake of complete-
ness, the whole range [0,1) was calculated and, in the
case of xBf, values in the unstable region, B}, was
fixed to the value obtained by least squares at 0.5 +
x5 (modulo 1).

The results were rather surprising because the
analysis of the wR factors for first-order satellites
(wR,) showed behaviour insensitive to x}f,, whereas
wR for main (wR,) and all reflections (wR,y, which is
expected to be dominated by the former) exhibited a
marked minimum centred at about x},=0.8.
Furthermore, a remarkable minimum of wR,
appeared at x7j,=0.3.

At this point, experimental data were carefully
checked. Surprisingly, although the ratio between
[ZFobs/nreﬂ]main and [zFobs/nreﬂ]sal was about 523 the
equivalent weighted ratio was 0.77. This indicated a
clear overestimation of the satellite weights. More-
over, five of 54 satellites had a weight twice that of
the most weighted main reflection and their contri-
bution to wkF,,, represented 80% of the same sum-
mation for the rest of satellites. It means that those
five reflections drive the refinement process to obtain
for them an |F,y, — F.q difference as low as pos-
sible. This fact would cause a minimum around x3,
= 0.3, since the change in x§i, from 0.8 to 0.3
implies a change of sign within the term that includes
BT, in (6.8) and, therefore, a small but apparently
important improvement of |Fops — Fea| for these
most weighted satellites.

On the other hand, an analysis of the consistency
of weights by means of normal-probability plots
(Abrahams & Keve, 1971) showed an unbiased
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normal error distribution for both main reflections
and satellites when considered separately. Neverthe-
less, the relative weight of the satellites was unusually
large, even when, as we knew from the experimental
conditions, the counting time for satellites was three
times larger than that used for main reflections.
Roughly speaking, this would imply that the statis-
tical weight of one satellite should be approximately
three times the weight assigned to a main reflection
having the same intensity.
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Fig. 2. Graphical representation of the variation suffered by those
parameters that are affected by D (see text).
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Table 5. Final parameters describing the incommen-
surate structure of ThBryar 55 K

Thermal parameters are multiplied by 10°. Estimated standard
deviations are given in parentheses. Again the extradiagonal
element B%, has been omitted for simplicity.

Th x, Yo Zo Bin B2z Bsn
0 3 i 23 (2) 23 (2) 68 (4)
Br x, Yo 2o Biio B2 Bssn
0 0.56426 (6) 0.79771 (3) 278 (17) 72 (3) 119 (3)
U, en (127) Bz X2 (2m)
0.0184 (4) 0.192(11) 119 (210) 0.835 (300)

At this point we began a systematic study of the
influence on our results of the weighting ratio
between satellites and main reflections. The weights
of satellites were arbitrarily divided by a factor, D, of
increasing value. For each D value all parameters
were refined (‘free refinement’). Then a curve of wR
versus x}, was obtained in the way indicated above.
The main conclusions that can be extracted from this
study are as follows.

(i) The parameters affected by the value of D are
UR,, B% o, BB, and x5, (see Fig. 2). However, their
variation is always within their standard deviation.
Only the mean value of B¥, (which is effectively
undetermined) exhibits an important increase with
D. Now, from (6.8), it is easy to understand the
insensitivity of wR, to ¥, when D = 1 [i.e. when the
‘true’ o(F) are used in the weighting scheme]; B},
is so low that the term containing xP, in (6.8) is
almost irrelevant. Note that for D = 9 all parameters
are constant. Nevertheless, and as a reference, D =
25 implies that reflections with the same intensity are
equally weighted and 7<= D =<9 would reflect a
weighting scheme in accordance with the average
time of measurement spent in each reflection. Fig. 2
should really be considered as the graphical represen-
tation of the most important correlations occurring
during the least-squares procedure. Parameters cor-
responding to D =25 have been chosen as final
results in Table 5. The corresponding final R factors
(weighted R factors) were 0.0193 (0.0154), 0.0186
(0.0153) and 0.045 (0.0285) for all, main and first-
order satellites, respectively.*

(i) The three-dimensional surfaces constructed
from the above results [see Figs. 3(a), 3(b) and 3(¢)]
show on the one hand the expected behaviour from
(5.6); Figs. 3(a)-3(c) show deep although rather
broad minima centred at x%¥,=0.8 for every D.
Also, the value reached by xPf, during the ‘free
refinements’ [Figs. 4(a)4(c)] is independent of the
weighting scheme. On the other hand, Figs. 3(b) and
3(c) show an abrupt increase of wR, and wR,), in the
neighbourhood of D =1, indicating that the associ-

* See deposition footnote.

ated weight relations between main reflections and
satellites are essentially wrong. The subsidiary mini-
mum for satellites, at y3;,=0.3, is also present for
every D. Its relative depth decreases as the influence
of the most weighted satellites is lowered by the rest
of the reflections.
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Fig. 3. Three-dimensional plots of (@) wR,, (b) wR, and (c) wR,, as
functions of ', and D (see text).
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sponding to Figs. 3(a), 3(b) and 3(c), respectively. Triangles
indicate the values reached by xi, during the ‘free refinements’.
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(iii) Fig. 3(a) shows clearly that the indicator
which is the most sensitive to x2r, (at least for D
values greater than 10) is wR,. Hence, it could be
used as a good estimator of the importance of
modulating the atomic thermal parameters. In fact,
whatever the value of D, when a structural model
without AMFs for the atomic temperature factors is
refined, the R factors* obtained (weighted R factors)
for all [0.0197 (0.0156)] and main reflections [0.0189
(0.0153)] are only slightly higher than those of our
final model in Table 5. However, wR,; [0.0504
(0.0403)] is remarkably higher, as could be expected
from the very high boundaries shown by this partial
agreement factor in Fig. 3(a).

The contribution, B9, of phase and amplitude
thermal fluctuations to the homogeneous term in the
AMF of B¥(v) [see (5.3) and (5.5)] cannot be derived
from the value obtained for 8% ,, as the only refer-
ence value we have of BF in the normal phase
corresponds to 7=100K, only 5K above the
transition temperature and consequently strongly
influenced by the soft mode. However, from the
amplitude, 8% ,, of the modulation of B, with (5.4)
and the assumption (8¢%)> (8p?), an estimate of
0.3-0.4 for (8¢ can be obtained. This value can be
compared with the approximate value that can be
derived with a modified Debye model, from the
observed dispersion of the phason branches reported
by Bernard er al. (1983) and Currat, Bernard &
Delamoye (1986). According to Pérez-Mato &
Madariaga (1990) and for the particular case con-
sidered here,

(8¢%(T)) = [H/18Nmy(U31a)*]
x [ (do/w)gn(@)2n(w)+ 1), (6.11)

where UP is introduced in relative units, n(w) is the
thermal Bose population factor, N is the number of
basic cells in the sample, mp;, is the atomic mass of Br
and gu(w) is the density of phason modes. From the
neutron results of Bernard es al. (1983), it can be
supposed that real phason modes are restricted to a
sphere of small wavevectors limited by a certain
cut-off value, which, with anisotropic effects neg-
lected, can be taken to be equal for all directions.
Consequently, the special normalization condition of
gon(w) will be [Fgon(w)dw = N,,, where N, is the
number of phason modes, in the mentioned sphere,
smaller than N. In a Debye model, gn(w) = 3N n(@?/
w}), where w; = vk, vy, being a mean value for the
slope of the phason branches. With the assumption T
> 0, =Hhw,/Kg, the usual approximation can be
introduced and (8¢?) is proportional to T,

(8¢X(1)) = 3R, 1> T/4mp (U a)’ K07, (6.12)

* For comparison the bracketed R factors correspond to D = 25.
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where Ry, = Nyn/N is also given by the ratio of the
volume of the sphere of phason wavevectors limited
by k, with respect to the volume of the primitive
reciprocal cell. From (6.12), and with the experi-
mental and physical constants substituted,

(50%(55 K)) = 933R /03 (6.13)

From the neutron experimental results (Bernard et
al., 1983; Currat, Bernard & Delamoye, 1986), a
maximum value of ~0.67/a can be taken for k,,
while 8, is of the order of 20 K; consequently
(8¢%(55 K)) should be less than 0.26. Although the
estimated value obtained from the modulation of the
thermal coefficient is of the same order of magni-
tude, it seems too large when compared with the
present calculation. However, the results are quite
consistent if the uncertainties in both calculations are
taken into account.

7. Concluding remarks

Within the resolution of our data set, the effect of
phasons and amplitudons modulating the atomic
DWF has been detected and evaluated. The value of
X5 5 verifies almost exactly the theoretical prediction
and agrees with the expectation that (8¢?) is greater
than (8p?). It should be stressed that the phase
relationship between #27(v) and B¥(v) implies that
the maximum atomic thermal displacements occur at
those atomic sites where the static distortion is
smaller. Reciprocally, minimum thermal displace-
ments will correspond to atoms having the maximum
static displacement (see Fig. 5). As the standard
weights in the available data set presented some
inconsistencies, a careful analysis of them had to be
performed. Nevertheless, most of the refined param-
eters seem to be insensitive to drastic changes in the
weighting scheme and, globally, the results remain
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Fig. 5. Schematic representation of the phase relation existing
between B%(v) and 127(v). BB(v) has been drawn with use of the
refined values of By, 8112 and x,,., listed in Table 5. The
amplitude U, has been arbitrarily scaled to fit within the plot
frame.
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unchanged. The mean value of BY, is comparable,
in magnitude, with the rest of thermal parameters,
indicating a strong contribution of phasons. It is
important to remark that the modulated DWF for
Br atoms has the form exp[ — #?B8%(v)]. This means
that it affects all reflections and, owing to the direc-
tion of the modulation wavevector, is independent of
h,. Therefore, any attempt to convert these tempera-
ture factors into the conventional Overhauser PDWF
formula (notice also that, by definition, the present
data set would not be affected by Axe’s factor)
would prove impossible. A more accurate result
would require the measurement, if possible, of
second-order satellites and the direct refinement
(with use of, for example, nonlinear constraints in
the least-squares algorithm) of (¢ and (8p?).

The experimental data used in this work were
kindly supplied by J. Pannetier and R. Currat, from
the Institut Laue-Langevin (Grenoble). One of the
authors (IA) is indebted to the Basque Government
for financial support. This work has been supported
by the UPV/EHU project No. 063.310-E065/90.
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Abstract

N-(Dichlorophosphinoyl)phosphorimidic trichloride,
CI;,PNP(O)Cl,, M, =269.22, monoclinic, P2,/c, a=

12.573(5), 5=19.183(4), c=14985(4) A, B=
110.14 (2>, V=3393(1)A* Z=16, D .=
2.108Mgm~3,  A(Mo Ka)=0.71069 A, pu=

202 mm~!, F000)=2080, T=100K, R =0.030,
wR = 0.032 for 4458 unique observed reflections and
325 parameters. There are four molecules in the
asymmetric unit. The P—N bonds show a pro-
nounced multiple-bond character, the PN ‘double’
bonds [1.517 (3)-1.530 (3) A] being substantially
shorter than the P—N ‘single’ bonds [1.583 (3)-
1.593 (3) A], and the P—CI bonds of the P(O)Cl,
groups [1.998 (2)-2.018 (2) A] are clearly longer than
the P—CIl bonds of the NPCl; groups [1.956 (2)-
1.978 (2) A]. The very flexible P—N—P bond angles
lie in the range 137.8 (2)-144.1 (2)°. All four mol-
ecules show approximate cisoid conformations with
respect to their Cl—P---P—Cl and CI—P:--P—O tor-
sion angles. The packing consists of layers normal to
the monoclinic axis, each built up of two crystal-
lographically independent molecules with similar
environments. In opposition to this, the molecules in
alternating layers show very different arrangements.

Introduction

N-(Dichlorophosphinoyl)phosphorimidic trichloride,
the stable fundamental substance of neutral linear
chlorophosphazenes, can be obtained by many dif-
ferent reactions (Becke-Goehring, Debo, Fluck &
Goetze, 1961; Becke-Goehring & Lehr, 1961, 1963;
Becke-Goehring, Mann & Euler, 1961; Becke-

0108-7681/93/020254-05%06.00

Goehring & Fluck, 1966; Emsley, Moore & Udy,
1971; Fluck, Hosle & Zischka, 1981). The evidence
of three rotamers derived from 3'P NMR data
(Glidewell, 1979) was disproved by semiempirical
theoretical calculations (Glidewell, 1980; Glidewell,
Keat & Rycroft, 1981) and by temperature-
dependent *'P NMR experiments (Thomas, Scheller
& Grossmann, 1982). The **C1 NQR spectrum
(Kaplansky, Clipsham & Whitehead, 1969) shows a
line splitting presumably due to crystallographic
inequivalence of the Cl atoms.

An X-ray crystal structure analysis performed at
room temperature was repeated at 223 K because of
an extremely high degree of thermal motion in the
bridging N atoms and because of a phase transition
below 223 K generating a slightly different packing
arrangement (Allcock, Tollefson, Arcus & Whittle,
1985). But the results of the structure redeter-
mination showing two molecules in the asymmetric
unit are unsatisfactory, exhibiting positional dis-
order, very different bond lengths of equivalent
bonds in the two molecules [P=0 1.453(8) and
1.398 (10) A, P—N 1.580 (8) and 1.53 (2) A, P=N
1.519(8) and 1.54(2) A in molecules A4 and B,
respectively], which are unrealistic in molecule B, and
gross violation of Hirshfeld’s ‘rigid-bond’ postulate
(Hirshfeld, 1976), in particular for the P—N bonds
of molecule B.

As part of a continuing study of phosphazene
structures, the crystal structure of the title compound
was determined at 100 K. At this temperature an
ordered structure was obtained with the same space-
group type but with a doubled cell, more accurate
structural parameters and realistic thermal param-
eters. The asymmetric unit consists of four molecules
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